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Angle bisection using ruler and compass is part of the standard geometry syllabus at the
upper primary level. There is a standard procedure for doing the job, and it is so simple
that one would be hard put to think of an alternative to it that is just as simple, if not










It can be depicted using practically no words. In Figure 1, the angle to be bisected is
∡ABC. Draw two arcs DE and FG as shown, centred at B. Next, draw the segments DG
and FE; let them intersect at I. Draw the ray BI. This is the required angle bisector.


































only real values being considered.
Solution. All the quantities involved are irrational, yet if we































= 1.000 . . . .
Well! The answer appears to be 1. Is it exactly equal to 1? —
or so close that we cannot tell the difference? We shall show






)1/3 and v = (8 − 3√21)1/3. We then
have:


























= (64 − 189)1/3 = (−125)1/3 = −5.
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Next, we have:
u3 + v3 = (u+ v) ·
(
u2 − uv+ v2
)
= (u+ v) ·
(
(u+ v)2 − 3uv
)
.
Let x = u+ v; we need to find x. (Note that x is a







Hence x is a root of the cubic equation
x3 + 15x− 16 = 0.
Using the factor theorem, we are able to factorize
the cubic; we obtain:
(x− 1) ·
(
x2 + x+ 16
)
= 0.
The only real root of this equation is 1 (the
quadratic component yields non-real roots, as its
discriminant is 12 − (4 × 1 × 16) = −63, which
is negative). Hence x = 1.
So the value of the given expression is 1. 
A direct approach. Might there be another
approach to solving this problem? Could we
actually evaluate the two cube roots and thereby
find their sum?






expressed in the form a+ b
√
21, where a, b are
rational numbers, and let us try to find a, b under




21 = a3 + 3
√
21a2b+ 63ab2 + 21
√
21b3,
from which it follows, by equating the rational
and irrational parts on both sides,
a3 + 63ab2 = 8,
a2b+ 7b3 = 1.
The equations imply that a ̸= 0, b ̸= 0. Let
k = b/a; then, by assumption, k is a rational











These equations imply that





56k3 − 63k2 + 8k− 1 = 0.
The cubic expression on the left is readily
factorized, as the factor theorem tells us that k− 1
is a factor. We thus obtain:
(k− 1) ·
(
56k2 − 7k+ 1
)
= 0.
The quadratic component has discriminant
72 − (4 × 1 × 56) = −175, which is negative; so
it does not yield any real roots (and therefore no
rational roots either). The only real root is k = 1,
a rational number. It follows that a = b.









































in agreement with what we had obtained earlier.
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